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Abstract
In this work we calculate the entanglement entropy of certain excited states of the
quantum Lifshitz model. The quantum Lifshitz model is a 2 + 1-dimensional bosonic
quantum field theory with an anisotropic scaling symmetry between space and time that
belongs to the universality class of the quantum dimer model and its generalizations. The
states we consider are constructed by exciting the eigenmodes of the Laplace-Beltrami
operator on the spatial manifold of the model. We perform a replica calculation and find
that, whenever a simple assumption is satisfied, the bipartite entanglement entropy of
any such excited state can be evaluated analytically. We show that the assumption is
satisfied for all excited states on the rectangle and for almost all excited states on the
sphere and provide explicit examples in both geometries. We find that the excited state
entanglement entropy obeys an area law and is related to the entanglement entropy of
the ground state by two universal constants. We observe a logarithmic dependence on the
excitation number when all excitations are put onto the same eigenmode.
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1
1 Introduction
In recent years the study of entanglement has brought deep insights across numerous areas
of physics such as quantum information, condensed matter physics, holography, quantum
gravity, and quantum field theory (QFT). Amongst the many measures of entanglement the
entanglement entropy is one of the oldest and most well-studied. For bipartite systems it is
defined as follows. Let there be a quantum system on the manifold M with Hilbert space H,
and let us prepare a pure state of this system, for example the ground state, described by the
density matrix ρ. Next, cut M into the two subsystems A and B and assume that the Hilbert
space splits accordingly, that is H = HA⊗HB. The reduced density matrix on A is obtained
by tracing out the degrees of freedom on B, that is ρA = TrBρ, and the entanglement entropy
of the subsystem A in the state ρ is given by the von Neumann entropy of ρA
S[A] = −Tr(ρA log ρA). (1)
The entanglement entropy is particularly well-suited for the study of entanglement in bipar-
tite pure systems, where it effectively quantifies the amount of entanglement between the
subsystems [1, 2].
In the context of condensed matter physics and quantum field theory the entanglement
entropy has been shown to capture universal properties of critical systems, see for example
[3–6]. The perhaps most famous example is that of 1 + 1-dimensional conformal field theory
(CFT), where the entanglement entropy has a leading logarithmic divergence
S[A] =
c
3
log
(
LA
ε
)
, (2)
with LA the size of the subsystem A, c the central charge of the CFT [7–9], and ε a UV-cutoff.
Here, the coefficient of the logarithmic divergence is universal, meaning it is independent of
the regularization scheme used and constant within the universality class of the theory. One
can thus adopt the point of view that the entanglement entropy is a machinery that extracts
universal features from critical theories. However, this machinery is arduous to operate, as
entanglement entropy calculations are generally hard, and thus analytic results are scarce. It
is not surprising that most results for the entanglement entropy have arisen in the context of
CFT (and in particular in 2-dimensional CFT), where powerful methods are available, and
for simple states such as the ground state, see [3, 10, 11]. For ground state one expects the
entanglement entropy to obey an area law [12, 13]. Concretely, for a d-dimensional CFT in
its ground state one expects the entanglement entropy to have a leading UV-divergence
S[A] = cd−2
Area(∂A)
εd−2
+ · · ·+ c1 log LA
ε
+ c0 +O(ε), (3)
where ∂A is the d − 2-dimensional boundary of A and cd−2 is a non-universal coefficient,
and LA a characteristic length associated to ∂A. In even dimensions universal information is
found in the coefficient of the logarithmic divergence term, whereas in odd dimensions, where
the logarithmic divergence is absent, it is found in the constant sub-leading correction. In the
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ground-state, the entanglement between A and its complement is thus dominated by short-
range correlations across the boundary ∂A, as opposed to (2) where the logarithm indicates
that long-range correlations dominate.
While not as widely studied, the entanglement entropy of excited states has also received
some attention over the years. A particularly interesting result is that the entanglement
entropy of a pure state picked at random from the Hilbert space will generically obey a volume
and not an area law [5, 14–16]. The area law behavior of the ground state is consequently
quite special within the Hilbert space. Notably, the dominance of extensive states implies
that highly excited states are expected to obey volume laws. Another early study of excited
states was performed in [17,18], where it was found that for free scalars on a lattice the first
excited states of the theory as well as a certain form of coherent state both still obeyed area
laws. It was, in fact, argued by [19] that low lying excitations in a wide class of theories
including many gapped Hamiltonian obey area laws with at most logarithmic corrections. It
was further argued by [20, 21] that excitations of CFTs obtained by acting with a primary
field on the vacuum continued to obey an area law, albeit with a universal correction with
respect to the ground state entanglement determined by the conformal weights of the primary
field. As this universal correction was derived from correlation functions of primary fields,
one may say that the entanglement entropy of (at least certain) low-lying excitations of a
CFT encodes information on the correlation functions of primary fields. A similar study
was performed for finite quasiparticle excitations in a certain limit of a wide class of free
theories, where it was again found that these excited states obey area laws with corrections
to the ground state entanglement related to the correlation functions of the quasiparticle
states [22, 23]. This analysis was extended by the same authors in [24, 25] to include the
treatment of another measure of entanglement, the logarithmic negativity, and they further
provided a fairly general proof in the case of a massive free boson showing that the previous
results are valid in any dimension and for any entanglement surgery. Thus for a wide range
of theories and low excited states, the excited state entanglement entropy has been observed
to take the form
SES = SGS + βES , (4)
with SES [A] and SGS [A] the entanglement entropies of the excited and ground states respec-
tively, and βES a constant depending on the excited state and derived from certain corre-
lation functions in the underlying theory. Apart from QFTs, some powerful calculations of
the excited state entanglement entropy properties of spin chains have been performed, see for
example [21, 26–28]. In particular, it has been observed that generally two types of excited
states can be found in the Hilbert space. Excited states showing the same logarithmic be-
havior typical of the ground states of critical models, see (2), and excited states that exhibit
extensive behavior.
In this paper we will perform analytic entanglement calculations for excited states of the
quantum Lifshitz model (QLM). The QLM is a 2+1-dimensional QFT with a scaling symmetry
that is anisotropic between time and space and characterized by a so-called dynamical critical
exponent z. It was introduced in [29] at z = 2, where it describes the continuum limit
of the quantum dimer model [30] and some of its interacting generalizations [31–35]. More
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importantly for our purposes, the QLM has proven to offer a very fruitful playground for
entanglement calculations, partly due to its close connections to CFT. In fact, the ground state
of the QLM can be expressed in terms of the action of a free 2-dimensional CFT and is thus
invariant under spatial conformal transformations [29]. Similarly, its equal-time correlation
functions can be expressed in terms of correlation functions in that same CFT [36]. The ground
state entanglement entropy of the QLM and its higher dimensional generalizations [36,37] have
been extensively studied [38–44]. For the standard 2 + 1-dimensional QLM at z = 2, it has
been found to be [38,39]
S[A] = c1
LA
ε
+
c
6
∆χ log
LA
ε
+ γQCP + · · · (5)
with LA the length of the boundary ∂A and c1 a non-universal constant. The coefficient
of the logarithm is universal and consists of the central charge c of the CFT whose action
describes the ground state of the QLM and of the change in Euler characteristic ∆χ due to
the surgery. Furthermore, when ∆χ = 0 the sub-leading constant term γQCP, where QCP
stands for quantum critical point, is also universal [39] and depends on the geometry and
topology of the manifolds involved [37, 40, 42–44]. The entanglement of certain mixed states
of the QLM has also been studied analytically [45].
There have been, to our best knowledge, only two works that deal with the excited state
entanglement of the QLM. In [46] the entanglement entropy of a local excitation constructed
by acting with a vertex and a time evolution operator on the ground state of the QLM
is analyzed. The excess entanglement entropy after some time t is found to be related to
correlation functions of certain operators on the full and sub-systems with Dirichlet boundary
conditions. Finally, in [47] the authors put the QLM on a compact spatial manifold, and
construct states by exciting the eigenmodes of the corresponding Laplacian. Restricting to
the case of a single excitation, they show that the trace of the n-th power of the reduced density
matrix of such a state (whose limit n → 1 by the replica approach gives the entanglement
entropy) can be expressed in terms of correlation functions on a certain n-sheeted geometry
resulting from a replica calculation. By deriving a form of Wick’s theorem on this geometry,
the authors then proceed to evaluate these correlation functions and provide expressions for
them in terms of quantities related to the Green’s functions on the full and sub-systems
which they dub entanglement propagator amplitudes (EPA’s). A numerical analysis then
provides evidence of the universality of these quantities. However, an analytic continuation
in n remains elusive in the paper, and thus the authors can only provide expressions for the
Re´nyi entropies and a conjecture for the entanglement entropy in the particular case when
the two submanifolds resulting from the bipartition of M are equal.
To summarize, we find that the entanglement entropy of any finitely excited state SES [A]
of the QLM is related to its ground state entanglement entropy SGS [A] by
SES [A] = αSGS [A] + β, (6)
where evidence points to the universality of the constants α and β. In the singly excited state
and for m excitations in a single mode of the halved M geometry, we further find α = 1,
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in agreement with the expectation (4). In all other cases we provide analytic expressions for
both constants. This implies that the entanglement of this class of finitely excited states of
the QLM obeys an area law. When all excitations are put into the same mode, we observe
a logarithmic dependence on the excitation number m. This simple dependence allows us to
consider the highly excited limit, which, contrary to standard expectation, continues to obey
an area law. This indicates that the state might be a quantum scar. Recently, there has been
a lot of interests in these type of states [48,49], as they exhibit a surprising form of ergodicity
breaking and bear some importance to the eigenstate thermalization hypothesis. In particular
such states have been observed for quantum dimer models [50,51], which belong to the same
universality class as the QLM.
The present work is closely related to [47]. In section 2 we review the basic properties of the
QLM as well as the construction of its ground and excited states a` la [47] (that is excitations
that correspond to the eigenmodes of the Laplacian on the spatial manifold). In section 3
we concentrate on the special case considered in [47], where a single quantum of energy is
put into a particular mode. We show that introducing a certain condition for the classical
fields the complexity of the problem can be sufficiently reduced such that the previously
tricky analytic continuation becomes straight forward, and an explicit expression for the
entanglement entropy can be written down. We then show that our assumption is satisfied by
all modes on the sphere and rectangle and analyze the entanglement entropy corresponding to
the excitation of different modes on both geometries. In section 4, we generalize the previous
calculation to encompass any excited state by making a slightly stronger assumption than
before, and manage to find a closed expression for the entanglement entropy in terms of some
complicated tensors of correlation functions. We then show that our assumption is again
satisfied for all modes on the rectangle and for almost all modes on the sphere and provide
explicit examples when a single mode is excited a finite amount of times. In this case we
find that for a wide range of modes the entanglement entropy behaves like the logarithm
of the excitation number. In both the singly and general excited state we confirm that the
entanglement entropy can be expressed in terms of EPA’s, although we define them slightly
differently and refer to them as transformed propagators. We calculate these quantities by a
spectral approach and find them in agreement with [47], providing further evidence for their
universality.
2 The quantum Lifshitz model and its excited states
The quantum Lifshitz model (QLM) is the (2 + 1) dimensional quantum field theory defined
on the spatial manifold M by the Hamiltonian [29]
H =
1
2
∫
M
d2x
(
pi2 + g2(∆φ)2
)
, (7)
where φ ∼ φ + 2piR a compactified scalar field with compactification radius R, pi = −i δδφ
its conjugate momentum, ∆ the Laplace-Beltrami operator on M , and g a free parameter.
For the particular value g = 18pi the QLM describes the correlations of the Rokhsar-Kievelson
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quantum dimer model on a square lattice. For simplicity, we will mostly refer to the Laplace-
Beltrami operator as the Laplacian on M . Let us analyze the ground and excited states of
this theory.
Ground state. In order to find the ground state of the theory we define the operators A(x)
and A†(x)
A(x) :=
1√
2
[
ipi(x) + g∆φ(x)
]
, A†(x) :=
1√
2
[−ipi(x) + g∆φ(x)] . (8)
From the commutation relation [φ(x), pi(y)] = iδ(x − y), one can see that A(x) and A†(x)
obey the commutation relation [A(x), A†(y)] = g(−∆)δ(x − y) and can be interpreted as
annihilation and creation operators in position space. We note that g has to be greater than
zero, since otherwise the roles of A and A† are reversed and A† becomes the annihilation
operator. The Hamiltonian can be written in terms of A and A† as
H =
∫
M
d2x A†(x)A(x), (9)
where we, without loss of generality, subtracted the UV-divergent vacuum energy, thereby
setting the energy of the ground state to zero. As the Hamiltonian (9) is positive semi-
definite, the ground state |Ψ0〉 of the theory is found by solving A(x)|Ψ0〉 = 0. The solution
to this functional differential equation is given
|Ψ0〉 = 1√
ZM
∫
Dφ e− 12S[φ]|φ〉, S[φ] = g
∫
M
d2x φ(−∆)φ, (10)
where we defined the partition function ZM :=
∫ Dφ e−S[φ]. Note that the above definition
coincides with the one given in [29] after an integration by parts.
Excited states. Let us concentrate on the case of a compact spatial manifold M , so that
the spectrum of the Laplacian is discrete. Following [47], we can construct excited states of
the QLM by exciting the eigenmodes of the Laplacian. Let Lλ(x) be the eigenfunction to the
eigenvalue λ of (−∆), that is
−∆Lλ(x) = λLλ(x), (11)
due to our sign convention, we note that λ ≥ 0. If M has a boundary, we choose Dirich-
let boundary conditions. For λ 6= 0 we can project the creation operator onto the the λ
eigenfunction and define
A†λ :=
1√
gλ
∫
M
d2x Lλ(x)A
†(x), Aλ :=
1√
gλ
∫
M
d2x Lλ(x)A(x). (12)
From the commutation relations for A(x), we immediately get the correct commutation rela-
tions for a harmonic oscillator for each mode
[Aλ, A
†
µ] = δλµ, [A
†
λ, A
†
µ] = [Aλ, Aµ] = 0, (13)
[H,A†λ] = gλA
†
λ, (14)
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allowing for interpretation of A†λ and Aλ as the creation and annihilation operators for exci-
tations of the λ-mode. The Hamiltonian decomposes into the different modes
H =
∑
λ 6=0
gλA†λAλ, (15)
with gλ the energy of a single excitation and A†λAλ counts the number of excitations in the
λ-mode2. We can construct the general excited state by selecting a finite set of non-zero
modes {λ1, . . . , λν} and applying the respective creation operators to the ground state a finite
amount of times {mλ1 , . . . ,mλν}. The general excited state is then labeled by that set of
numbers and, taking into account proper normalization, given by
∣∣(mλ1 , . . . ,mλr , . . . ,mλν )〉 =
(
A†λ1
)mλ1√
mλ1 !
· · ·
(
A†λr
)mλr√
mλr !
· · ·
(
A†λν
)mλν√
mλν !
|ψ0〉 (16)
=
1√
ZM
∫
Dφ
 ν∏
r=1
1√
2mλrmλr !
Hmλr
(
φλr√
2
) e− 12S[φ]|φ〉, (17)
where Hm(x) is a Hermite polynomial
Hm(x) = m!
bm
2
c∑
k=0
(−1)k(2x)m−2k
k!(m− 2k)! , (18)
and where φλr is defined, similarly to (12), as the projection of the scalar onto the λ-eigenmode
φλ =
√
2gλ
∫
M
d2x Lλ(x)φ(x) (19)
with the prefactor
√
2gλ chosen with foresight to simplify later calculations.
3 A warm up exercise:
Entanglement entropy of the singly excited state
Our final goal is to calculate the bipartite entanglement entropy of the general excited state.
Considering that the corresponding calculation is quite involved, it is instructive to first
consider the much simpler case of the singly excited. Furthermore, due to its simpler nature,
the calculation of the entanglement entropy can be performed under more general assumptions
in this case. This problem was first considered by [47], where the authors calculated the
2 Before continuing, a comment on the zero-mode is in order. If the Laplacian has an eigenvalue λ = 0, we
have to alter the definition (12) for that eigenvalue. A consistent choice is A†0 =
∫
M
L0(x)A
†(x), where L0(x) is
the zero mode. A priori, the expansion of the Hamiltonian then should also contain a term A†0A0, however one
can check that the operator A†0A0 annihilates any state created by acting with either A
†
0 or A
†
λ on the vacuum,
and can thus be omitted from the Hamiltonian. From a different perspective, one can check that [A0, A
†
0] = 0
and thus A0 and A
†
0 cannot be considered ladder operators. Hence we cannot excite the 0-mode by A
†
0 and
whenever we write λ for an eigenvalue it is implied that λ 6= 0.
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Re´nyi entropy of a singly excited state by replica approach and provided a conjecture for
the entanglement entropy in the special case when the manifold is cut into equal parts. By
following a similar procedure in the beginning, yet introducing a simple assumption on the
classical fields, we achieve a simplification of the combinatorics of the problem that renders
the problem of the analytic continuation straightforward, and thus allows us to find the
entanglement entropy exactly. Our findings differ from those in [47], but agree with them to
leading order in certain quantities. We discuss this at the end of section 3.1.
Let us consider the state with one single excitation in the λ-mode
|ψλ〉 := |(mλ = 1)〉 = 1√
ZM
∫
Dφ φλe− 12S[φ] |φ〉 , (20)
where we used the fact that H1(x) = 2x. The action is given in equation (10), and after
partial integration we choose to rewrite it as
S[φ] = g
∫
M
d2x (∇φ)2. (21)
The density matrix of the singly excited state can then be written as
ρ := |ψλ〉 〈ψλ| = 1
ZM
∫
DφDφ′ φλφ′λe− 12S[φ]− 12S[φ′] |φ〉 〈φ′|. (22)
We calculate the entanglement entropy by means of the replica method as developed by [9,52].
The ground state entanglement entropy of the QLM has been studied in detail by these
methods, see [37,38,43,44]. Our application of the replica method follows [37,44] closely. Let
us consider the bipartite geometry obtained by dividing M into the submanifolds A and B,
and denote by Γ the entanglement cut that separates them. We will later consider two specific
geometries: a sphere cut at the equator into its two hemispheres and a rectangle cut into two
smaller rectangles.
Let us further assume that under the surgery described above the Hilbert space on M splits
as H = HA⊗HB. For a state in H we consequently get the splitting |φ〉 = |φA〉⊗ |φB〉, where
|φX〉 ∈ HX , and X = A,B respectively. The field φ(x) splits as φ(x) = φA(x) + φB(x) for
x ∈ A ∪B, where
φA(x) =
φ(x), x ∈ A0, x ∈ B , (23)
and analogously for B. Whenever we index a field by a submanifold it can be assumed that it
only has support there. At the boundary between A and B we have the continuity condition
φ|Γ = φA|Γ = φB|Γ. (24)
One can easily see that the action splits as S[φ] = SA[φA] + SB[φB], where
SX [φX ] := g
∫
X
d2x (∇φX)2, X = A,B (25)
and similarly φλ = φλA + φ
λ
B, where
φλX :=
√
2gλ
∫
X
d2x Lλ(x)φX(x), X = A,B. (26)
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3.1 Replica method calculation
Let ρA = TrB ρ be the reduced density matrix obtained by tracing out the degrees of freedom
on B. The gist of the replica method lies in noting that the Von Neumann entropy of the
subsystem A can be rewritten as the limit
S[A] = −Tr(ρA log ρA) = − lim
n→1
∂n Tr ρ
n
A, (27)
as long as one is able to find an analytic continuation in n for Tr ρnA. In the following we
construct the trace of the n-th power of the reduced density matrix of the singly excited state
(22), and find that – under a certain assumption satisfied by all modes in the geometries that
we consider – the analytic continuation is easily found.
After splitting the Hilbert space into HA and HB, the density matrix takes the form
ρi =
1
ZM
∫
DφA,iDφB,iDφ′A,iDφ′B,i (φλA,i + φλB,i)(φ′λA,i + φ′λB,i)×
e−
1
2
SA[φA,i]− 12SB [φB,i]− 12SA[φ′A,i]− 12SB [φ′B,i]|φA,i〉 ⊗ |φB,i〉〈φ′A,i| ⊗ 〈φ′B,i|, (28)
where we introduced the replica index i = 1, . . . , n which serves as an accounting device to
distinguish the copies of the reduced density matrix. We note here that all fields in (28)
are integrated over so the replica index doesn’t have a physical significance. As discussed
in detail in [37] and depicted in figure 1, one finds three types of gluing conditions for the
fields. These arise when we resolve the bras and kets of Tr ρnA into δ-functions and then
φ′1
φ1
φ′2
φ2
φ′3
φ3
φ′4
φ4
BΓA
(a) Gluing conditions
A Γ B
φ1
φ2
φ3
φ4
(b) Resulting configuration
Figure 1: The gluing conditions arising from the calculation of TrρnA and the geometry that
results are depicted. The blue lines represent the gluing conditions due to the partial tracing
on the B-side of each replica needed to calculate the reduced density matrix ρA. The red lines
represent the gluing conditions resulting from the multiplication of the replicated reduced
density matrices. The yellow lines represent the gluing conditions from the final total trace.
integrate over them. The first gluing condition comes from the calculation of the reduced
density matrix ρA = TrB ρ and tells us to glue the primed and unprimed B fields of the
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same replica, that is φB,i = φ
′
B,i for i = 1, . . . , n. The second gluing condition is the result
of the multiplication between adjacent replicas of the reduced density matrix ρA,iρA,i+1 for
i = 1, . . . , n − 1 and, together with the third gluing condition resulting from the total trace
Tr ρnA, tells us to cyclically glue adjacent primed and unprimed A fields, so φ
′
A,i = φA,i+1
for i = 1, . . . , n and with n + 1 ∼ 1. The fact that the gluing conditions on the A side are
“shifted” with respect to the B side together with the continuity condition (24) forces all the
fields to agree at the cut Γ. We denote this boundary condition by B
B : φA,i|Γ(x) = φB,j |Γ(x) = cut(x) ∀i, j = 1, . . . , n, (29)
where cut(x) is a function of the coordinates at the entanglement cut Γ. After enforcing the
gluing conditions, the trace of the product of reduced density matrices takes the form
Tr ρnA =
1
(ZM )n
∫
B
 n∏
i=1
DφA,iDφB,i

×
 n∏
i=1
(φλA,i + φ
λ
B,i)(φ
λ
A,i+1 + φ
λ
B,i)
 e−∑ni=1(SA[φA,i]+SB [φB,i]). (30)
Since the fields are compactified φ ∼ φ+ 2piR, the boundary conditions (29) only have to be
respected modulo 2piR. A standard way of accounting for this in the calculations, is to split
the fields into classical parts and fluctuations, see [53,54]. We write for each field
φX,i = φ
cl
X,i + ϕX,i, i = 1, . . . , n. (31)
From the fluctuations ϕ we only demand that they satisfy Dirichlet boundary conditions
ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n, (32)
while the classical fields φcl obey the equations of motion
∆φclA,i = ∆φ
cl
B,i = 0, i = 1, . . . , n, (33)
and account for the value of the total field φ at the boundary as well as for its compact
behavior. It is not hard to check that the action decouples as
S[φA,i] = S[φ
cl
A,i] + S[ϕA,i]. (34)
Finally, we can rewrite the boundary conditions for the classical fields resulting from (29) as
φclA,i|Γ(x) = φclB,i|Γ(x) = cut(x) + 2piRωi, i = 1, . . . n− 1 (35)
φclA,n|Γ(x) = φclB,n|Γ(x) = cut(x), (36)
where ωi are integers called the winding numbers that reflect the compactness of φ
cl. Here
we used the fact that the cut functions are arbitrary to absorb the n-th winding number3. It
3We redefine cut 7→ cut− 2piRωn for all n. This effectively shifts the other winding numbers ωi 7→ ωi − ωn
for i = 1, . . . , n− 1. Since the winding numbers are just arbitrary integers, we can ignore the shift and rename
the shifted winding numbers ωi.
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is worth noting at this point that the exact treatment of the winding numbers depends a lot
on the geometry, see [44] for several examples. The geometries that we will later consider,
that is the sphere and the rectangle, in principle would allow for simplifications at this point.
However, in order to keep the discussion somewhat more general, we decide to, for the moment,
keep the boundary conditions as given above. Furthermore, we note that the zero modes on
A and B with the above boundary conditions are in general not trivially related to the zero
mode on the complete manifold which doesn’t know anything about the cut Γ. In particular,
this means that they are a priori not orthogonal to the eigenmodes of the Laplacian on M ,
so (φclA)
λ + (φclB)
λ 6= 0. We will concentrate on situations where this equation does hold, as
it leads to a significant simplification of the combinatorics. Thus, let us assume that the
following is true
(φclA)
λ + (φclB)
λ = 0. (37)
We will later see that this is in fact justified in the geometries we consider. Defining the field
φcl obtained by stitching together together φclA and φ
cl
B, that is
φcl(x) :=
φclA(x), x ∈ AφclB(x), x ∈ B, (38)
we can express the assumption (37) in the simpler form (φcl)λ = 0. We will later see that
this condition is satisfied for all the eigenmodes of the Laplacian on both the sphere and
rectangle. As defined above, φcl is well defined and continuous at Γ, since φclA and φ
cl
B satisfy
the same boundary conditions there. In general, however, φcl is not smooth at the cut. We
note here that in the derivation of the generalized Wick’s theorem of [47] this assumption
is also implicitly made4. However, since the authors only consider the rectangular case the
assumption is justified.
At this step, the boundary conditions given in (29) can be recast as
B :
φcli |Γ(x) = cut(x) + 2piRωi, i = 1, . . . n− 1
φcln |Γ(x) = cut(x)
ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n.
(39)
Next, we perform the unitary transformation Un from [43, 44] on the classical fields. This
rotation shifts the dependence on the cut function to the boundary condition for the n-
th field, while turning the boundary conditions of the remaining fields into pure winding
4Before eq. (A.11) in the reference, the field Ca is defined by stitching together solutions 0-modes of the
Laplacian on the A and B sides of the manifold with non-trivial boundary conditions in between. Thus, the
resulting function is in general not a harmonic function over M , and the terms denoted Har in (A.11) only
vanish when integrated against eigenfunctions of the Laplacian on M iff our assumption (37) is fulfilled.
11
numbers. Explicitly, we define
Un :=

1√
2
− 1√
2
0 . . .
1√
6
1√
6
− 2√
6
0 . . .
...
1√
n(n−1)
1√
n(n−1) . . . . . . −
√
1− 1n
1√
n
1√
n
. . . . . . 1√
n

(40)
and rotate the classical fields as
φcli 7→ φ¯cli := (Unφcl)i. (41)
This results in the altered boundary condition B′
B′ :
φ¯cli |Γ(x) = 2piRω¯i, i = 1, . . . n− 1
φ¯cln |Γ(x) =
√
ncut(x) + 2piR√
n
∑n−1
i=1 ωi,
ϕA,i|Γ = ϕB,i|Γ = 0, i = 1, . . . , n,
(42)
where ω¯i = (Mn−1)ijωj and Mn−1 is the minor matrix resulting from deleting the n-th row
and column of Un. Notice that after the rotation the compactification radius of the n-th field
becomes
√
nR.
Finally, we can rewrite equation (30) for Tr ρnA in terms of the classical fields and fluctuations
as
Tr ρnA =
1
(ZM )n
W (n)
∫
B′
[∏n
i=1
DϕA,iDϕB,i
]
Dφ¯cln× n∏
i=1
(ϕλA,i + ϕ
λ
B,i)(ϕ
λ
A,i+1 + ϕ
λ
B,i)
 e−S[φ¯cln ]−∑ni=1(S[ϕA,i]+S[ϕB,i]), (43)
where we used the definition (26) as well as the assumption (37) which together imply
φ¯λA,i + φ¯
λ
B,i = ϕ
λ
A,i + ϕ
λ
B,i (44)
and allow us to get rid of the classical fields with matching replica indices outside of the
exponential. The remaining classical fields in the product, i.e. those coming from φ¯λA,i+1+φ¯
λ
B,i,
don’t necessarily vanish by assumption (37). However, they don’t contribute to the sum as
they always appear multiplied by an odd number of fluctuations. When the path integrals
are evaluated, these terms turn into correlation functions, and the correlation functions of an
odd number of fluctuations vanish. We can thus safely discard all classical fields outside of
the exponential. We further omitted an n−
ε
2L factor coming from a change of path integral
measure, with ε a UV cut-off and L the length of the entangling cut Γ, as it only contributes
to a non-universal area law term, see [43,44] for more details. Furthermore, we separated the
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contributions from the classical part of the first n− 1 fields into the so-called winding sector
W (n) :=
n−1∏
i=1
∫
Dφ¯clA,iDφ¯clB,i e−S[φ¯
cl
A,i]−S[φ¯clB,i]
=
n−1∏
i=1
∫
Dφ¯cli e−S[φ¯
cl
i ] =
∑
ω∈Zn−1
e−
∑n−1
i=1 S[φ¯
cl
i ]. (45)
For clarity, let us make some comments. The assumption (37) is formulated for each unrotated
replica. However, since Un is an invertible matrix it is clear that (
~φcl)λ = ~0 iff (Un
~φcl)λ = ~0
for ~φcl = (φcl1 , . . . , φ
cl
n ) and (
~φcl)λ = ((φcl1 )
λ, . . . , (φcln )
λ). Furthermore, after our path integral
manipulations the n-th replica becomes a free field on the complete manifold, such that φcln
turns into the 0-mode on M . Thus for the n-th rotated field our assumption will always be
satisfied after restitching, and we only need to check the other fields5. In appendix A we show
that, by performing some path integral manipulations, (43) can be brought into the form
Tr(ρnA) =
1
(ZM )n
W (n)
[(∫
AD
DϕA (ϕλA)2e−S[ϕA]
)n−1 ∫
Dφ¯ φ¯λφ¯λAe−S[φ¯]+
+
(∫
BD
DϕB (ϕλB)2e−S[ϕB ]
)n−1 ∫
Dφ¯ φ¯λφ¯λBe−S[φ¯]
]
, (46)
where the subscripts AD and BD indicate that those path integrals are performed on either A
or B with Dirichlet boundary conditions. By linearity and using the definition (26), we can
rewrite the path integrals on X = A,B as∫
XD
DϕX (ϕλX)2e−S[ϕX ] = 2gλ
∫
X
d2x d2x′ Lλ(x)Lλ(x′)
∫
XD
DϕX ϕX(x)ϕX(x′)e−S[ϕX ] (47)
= ZX λ
∫
X
d2x d2x′ Lλ(x)Lλ(x′)GX(x, x′), (48)
where ZX is the partition function and GX(x, x
′) the Green’s function corresponding to the
Laplacian on X6, both with Dirichlet boundary conditions at Γ. Similarly, we can write the
following for the path integrals on the full manifold∫
Dφ¯ φ¯λφ¯λAe−S[φ¯] = 2gλ
∫
M
d2x
∫
A
d2x′Lλ(x)Lλ(x′)
∫
Dφ¯ φ¯(x)φ¯(x′)e−S[φ¯]
= ZM λ
∫
M
d2x
∫
A
d2x′Lλ(x)Lλ(x′)GM (x, x′)
(49)
5Alternatively, we could have assumed (37) for only the first n− 1 rotated fields from the beginning. This
alters the form of (43) but also results in (46) after some manipulations.
6Note that the factor of 2g cancels, as the two point function actually gives the Green’s function corre-
sponding to 2g∆ which is 1
2g
G with G the Green’s function of ∆.
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with GM (x, x
′) the corresponding Green’s function. Let us define the following transformed
Green’s functions
GλX,M := λ
∫
M
d2x
∫
X
d2x′Lλ(x)Lλ(x′)GM (x, x′), X = A,B
GλX := λ
∫
X
d2x d2x′ Lλ(x)Lλ(x′)GX(x, x′), X = A,B,M.
(50)
We emphasize here that GM (x, x
′), GA(x, x′), and GB(x, x′) are different objects, each cal-
culated on their corresponding manifold with Dirichlet boundary conditions. In appendix B
we take a closer look at these transformed propagators and use spectral methods to calculate
them in some geometries. In particular we find that
GλM = 1 (51)
is always true. In [47], quantities of this form were dubbed “Entanglement Propagator Am-
plitudes” (EPA’s) and some explicit results about them were given. In appendix C we show
exactly how the EPA’s are related to the transformed propagators and find our results in
agreement with [47]. With all this, we can finally write
Tr(ρnA) =
(
ZADZBD
ZM
)n−1
W (n)
[(
GλA
)n−1
GλA,M +
(
GλB
)n−1
GλB,M
]
= Tr
(
ρnGS,A
)[(
GλA
)n−1
GλA,M +
(
GλB
)n−1
GλB,M
]
, (52)
where ρGS is the ground state density matrix, see [43, 44], meaning that the ground state
Re´nyi entropy S
(n)
GS [A] factors from the excited state Re´nyi entropies S
(n)
λ [A]
S
(n)
λ [A] :=
1
1− n log(Trρ
n
A)
= S
(n)
GS [A] +
1
1− n log
[(
GλA
)n−1
GλA,M +
(
GλB
)n−1
GλB,M
]
(53)
In [47] an expression for the Re´nyi entropies of the first excited state was also obtained. Our
result, however, differs from theirs. In the rectangular case, we will see that GλX = G
λ
X,M −dXλ
for X = A,B. There, our result agrees with [47] to leading order in dAλ and d
B
λ . As a
consequence, our results also disagree with their conjecture for Tr(ρnA)/Tr(ρ
n
GS,A) and the
resulting entanglement entropy (see eqs. (27) and (75) in [47]).
The structure of (52) offers a simple interpretation. In the above manipulations we effec-
tively separated the A and B sides of the first n − 1 replicas, while connecting the sides of
the n-th replica into one complete copy over the whole manifold. The n − 1-factors of GλX
encode the free propagation on either the A or B side of the first n− 1 copies. The GλA(B),M
factor, on the other hand, represents free propagation from either A or B to any point on
M for the n-th copy. Meanwhile topological effects are factored into the winding sector and
the partition functions which give rise to the ground state density matrix. Apart from the
winding sector, n only appears in (52) as a power. Thus, if an analytic continuation for W (n)
14
is known, it is trivial to analytically continue the rest of the expression. The entanglement
entropy of the state with a single excitation in the λ mode is thus
Sλ[A] = − lim
n→1
∂n Tr(ρ
n
A) (54)
= SGS [A]− log
(
GλA
)
GλA,M − log
(
GλB
)
GλB,M (55)
where we used that GλA,M +G
λ
B,M = G
λ
M = 1 and where SGS [A] is the entanglement entropy
of the ground state
SGS [A] = − lim
n→1
∂n Tr
(
ρnGS,A
)
. (56)
Given the ground state entanglement entropy, the calculation of the entanglement entropy of
the singly excited state reduces to the calculation of the transformed Green’s functions (50).
Let us consider some explicit cases.
3.2 Spherical geometry
Let M = S2 be the unit sphere and divide it into two hemispheres A = B = H2 at the
equator. The ground state entanglement entropy of a hemisphere is [44]
SGS [H
2] = log
(√
8pigR
)
− 1
2
. (57)
The eigenmodes of the Laplacian on the sphere are the spherical harmonics
Lλ(x) ≡ L`,m(x) = Y m` (x), (58)
where x = (θ, φ) is a point on S2, ` a non-negative integer, and m = −`, . . . , `. The eigenvalues
of −∆S2 are λ = `(`+ 1) and have a degeneracy of 2`+ 1. As can be seen above, whenever we
use λ as an index, we actually mean the two numbers (`,m) that uniquely identify a mode.
The eigenmodes on the hemisphere with Dirichlet boundary conditions at the equator are, up
to normalization, the spherical harmonics such that ` + m is odd. The properly normalized
modes on A and B are then
LH
2
λ (x) =
√
2Y m` (x), m+ ` = odd. (59)
The first n − 1 rotated classical fields on the hemisphere with boundary conditions (42) is
constant and given by
φ¯cli = 2piRω¯i. (60)
Since the 0-mode L0 = 1/(4pi) of the Laplacian on the full sphere is also constant φ¯
cl
i is
proportional to L0, and thus orthogonal to the other eigenmodes. Therefore, our assumption
(37) is fulfilled in this situation. In appendix B.1 we calculate all the transformed propagators
in this geometry and find that
GλA,M = G
λ
B,M =
1
2
(61)
GλA = G
λ
B =
1
2
Σλ (62)
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where Σλ is given by
Σλ =
Σeλ, `λ +mλ = even1, `λ +mλ = odd, (63)
and Σeλ is complicated expression involving an infinite sum and an integral over associated
Legendre polynomials. It is given explicitly in (142) and can be easily evaluated numerically
by truncating the sum at a sufficiently large number7. We note that Σ`,−m = Σ`,m for all
modes. The striking difference between the modes with ` + m even and odd is due to the
fact that those with `+m odd are orthogonal to the eigenmodes on the hemisphere while the
others are not. Using (55) and (57) we can finally write the entanglement entropy as
● ● ● ● ● ● ● ● ● ● ● ● ● ● ●
●
●
● ●
● ● ● ● ● ● ● ● ●
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● ●
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Figure 2: The value of the entanglement entropy S`,m[A] in units of the ground state entan-
glement entropy at the RK-point, i.e. g = 18pi , and for R = 1 plotted for ` up to 30 and a
selection of values of m such that `+m is even.
Sλ[A] = SGS [A]− log
(
GλA
)
(64)
= log
(√
2pigRΣλ
)
− 1
2
(65)
Note that the entanglement entropy of all singly excited modes with `+m odd is the same.
The behavior of the entanglement entropy for modes with ` + m even is depicted in Figure
2. We observe that the entanglement entropy for modes with m = 0 is the same for all `.
In fact, a numerical evaluation of Σλ seems to indicate that Σ`,m ≈ 1. Consequently, the
entanglement entropy is the same for all modes with m = 0. Furthermore, we see that for
fixed m the entanglement entropy of the modes with `+m even and m 6= 0 approaches this
value with growing `. Thus, we conclude that
S`,m[A] ≈ SGS [A] + log 2 (66)
is valid for all modes with ` + m odd, all modes with m = 0, and for all modes in the limit
` 1. In the case `+m odd the equation is exact.
7This number must be larger than `λ as the summand has a peak there that has to be included.
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3.3 Rectangular Geometry
Next, let M = [0, Lx] × [0, Ly] be a rectangle and cut it at x = `x into the two smaller
rectangles A = [0, `x] × [0, Ly] and B = [`x, Lx] × [0, Ly]. We impose Dirichlet boundary
conditions φ|∂M = 0. If we go through the replica method calculation, we see that the
classical part of the field, after rotation, obeys the boundary conditions (42) at the cut. One
can check that the only solution to the equation of motion ∆φcli = 0 for i = 1, . . . , n − 1
with boundary conditions (42) at the cut and Dirichlet boundary conditions on the other
boundaries is the trivial one φcli (x, y) = 0, which, in turn, is only a solution if the winding
numbers vanish. Thus, there cannot be a winding sector for this geometry. The assumption
(37) is then trivially satisfied for the first n− 1 fields, since they all vanish.
The eigenmodes of the Laplacian on M with Dirichlet boundary conditions are given by
Lλ(x) ≡ Lkx,ky(x, y) =
2√
LxLy
sin
(
pikx
Lx
x
)
sin
(
piky
Ly
y
)
(67)
with eigenvalues
λkx,ky =
(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2
, kx, ky ∈ N+. (68)
In appendix D we calculate the ζ-regularized determinant of the Laplacian on the rectangle
M and find
det ∆ =
1√
2Ly
η
(
i
Lx
Ly
)
, (69)
where η is the Dedekind η-function. This coincides with the expression cited in [47] and
calculated by lattice-regularization methods in [55] up to non-universal terms, and terms
that diverge upon taking the continuum limit. We further note that due to the modular
properties of the η-function this expression is invariant under the exchange of Lx and Ly. The
eigenmodes and determinants on the submanifolds A and B are obtained by inserting `x and
Lx− `x respectively instead of Lx into the above expressions. Writing the partition functions
as − logZX = 12 log det ∆X for X = M,A,B, we can use the determinant (69) to express the
ground state entanglement entropy on the rectangle as
SGS [A] =
1
2
log
η
(
i `xLy
)
η
(
iLx−`xLy
)
√
2Ly η
(
iLxLy
)
. (70)
In appendix B.2 we show that the first transformed Green’s functions on the rectangle are
GλA,M =
`x
Lx
− 1
2pikx
sin
(
2pikx
`x
Lx
)
(71)
GλB,M =
(
1− `x
Lx
)
+
1
2pikx
sin
(
2pikx
`x
Lx
)
. (72)
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and the remaining are given by
GλA = G
λ
A,M −
1
Lx
2
(
pi
Ly
ky
)
coth
(
piky
`x
Ly
)
sin
(
pikx
`x
Lx
)2 − ( piLxkx) sin(2pikx `xLx)(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2 (73)
GλB = G
λ
B,M −
1
Lx
2
(
pi
Ly
ky
)
coth
(
piky
Lx−`x
Ly
)
sin
(
pikx
`x
Lx
)2
+
(
pi
Lx
kx
)
sin
(
2pikx
`x
Lx
)
(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2 . (74)
As shown in appendix C our result for the transformed propagators agrees with the approxi-
mation found in [47].
Finally, we find the entanglement entropy for the rectangle cut at `x by inserting the
transformed propagators and ground state entanglement entropy into equation (55). In figure
3 we show how the entropy depends on the surgery for a selection of modes. We observe that
for constant kx the entanglement entropy is minimal at kx = ky and becomes maximal as
ky → ∞. As was the case for the sphere, there are two kinds of modes for a given surgery.
kx=ky
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Figure 3: Sλ as a function of `x for a selection of modes and for Lx = Ly.
Modes that are at the same time eigenmodes of the complete manifold and the submanifolds
(up to normalization), and modes that aren’t. In the rectangular geometry the first kind of
modes are determined by the condition that
kx
`x
Lx
= m, m ∈ N, (75)
which can only be satisfied whenever `x/Lx is a rational number. For example, when the
rectangle is halved by the surgery, that is `x = Lx/2, all modes with even kx belong to the
first category and those with kx odd to the second. The entanglement entropy is constant for
all the modes satisfying condition (75) and given by
Sλ[A] = SGS [A]− log
( `x
Lx
) `x
Lx
(
1− `x
Lx
)1− `x
Lx
 . (76)
The eigenmodes that do not satisfy the condition have an intricate functional dependence on
the kx and ky. However, it isn’t hard to see from the dependence on kx of the transformed
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propagators, that for large kx they converge to the value (76). Whenever condition (75)
cannot be satisfied, that is when `x/Lx is not a rational number, there are no modes of the
first kind and the entanglement entropy has a non-trivial dependence on the kx and ky for all
modes. Nonetheless, equation (76) is also valid here for kx  1. When the rectangle is halved
we can write
Skx,ky [A] ≈ SGS [A] + log 2 (77)
for modes with kx even and for all modes in the limit kx  1. In the former case the equation
is exact. This result is analogous to that for the halved sphere (66).
4 General excited states
We are now ready to turn our attention to general excitations. From (16) we can directly
write the corresponding density matrix as
ρi =
∣∣(mλ1 , . . . ,mλr , . . . ,mλν )〉 〈(mλ1 , . . . ,mλr , . . . ,mλν )∣∣
=
1
ZM
∫
DφiDφ′i
 ν∏
r=1
1
2mλrmλr !
Hmλr
(
φλri√
2
)
Hmλr
(
φ′λri√
2
) e− 12S[φi]− 12S[φ′i]|φi〉〈φ′i|,
(78)
where we also introduced a replica index. From our discussion about the singly excited state,
we know that, in broad terms, computing Tr ρnA amounts to writing down the product of
density matrices, separating the fields into fields with support on the respective submanifolds
as φ = φA + φB, and enforcing the gluing conditions φ
′
A,i = φA,i+1 and φ
′
B,i = φB,i for
i = 1, . . . , n with n + 1 ∼ 1, that result in the set of boundary conditions (29) on the path
integrals. Since the details of the calculation are exactly the same as for the singly excited
state we omit them and immediately write down
Tr
 n∏
i=1
ρA,i
 =
 ν∏
r=1
1
2mλrmλr !
n 1
ZnM
∫
B
[∏n
i=1
DφA,iDφB,i
]
e−
∑n
i=1(SA,i+SB,i)×
n∏
i=1
ν∏
r=1
Hmλr
(
1√
2
(
φλrA,i + φ
λr
B,i
))
Hmλr
(
1√
2
(
φλrA,i+1 + φ
λr
B,i
))
. (79)
One can compare this expression with equation (30) for the singly excited state. As the
expression stands, the fields on A and B are still tied together within the Hermite polynomials.
We factor them by an identity of Hermite polynomials which we apply on the polynomials
with shifted replica indices for i = 1, . . . , n as
Hmr
(
1√
2
(
φλrA,i+1 + φ
λr
B,i
))
=
1
2
mr
2
mr∑
k′r,i=0
(
mr
k′r,i
)
Hk′r,i(φ
λr
A,i+1)Hmr−k′r,i(φ
λr
B,i), (80)
on the polynomials with matching replica indices for i = 1, . . . , n− 1
Hmr
(
1√
2
(
φλrA,i + φ
λr
B,i
))
=
1
2
mr
2
mr∑
kr,i=0
(
mr
kr,i
)
Hmr−kr,i(φ
λr
A,i)Hkr,i(φ
λr
B,i), (81)
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where, with some foresight, we don’t apply factorization to the n-th copy, as the A and B
parts of the n-th field will be reunited into a free field on M . Also note that from now on
we write mr instead of mλr to declutter the notation. Since we are applying the factorization
above to each of the Hermite polynomials separately, and they are each labelled by a replica
and an r index, there is no way around introducing the, at first overwhelming, amount of
indices kr,i and k
′
r,i for i = 1, . . . , n and r = 1, . . . , ν.
After factoring the polynomials we can continue as in section 3. We first separate the
fields into classical parts and fluctuations and then rotate the classical fields. For the singly
excited state it was sufficient to demand the assumption (37) to be fulfilled in order to make
the calculation tractable. Now, since the fields all appear inside Hermite polynomials, the
calculations in appendix A don’t apply, and we must make a new assumption. We demand
that the first n− 1 rotated fields satisfy
(φ¯clA,i)
λ = (φ¯clB,i)
λ = 0, i = 1, . . . , n− 1. (82)
Note that this assumption is stricter than (37), demanding that the integrals on the A and
B sides of the manifold vanish separately. We don’t require anything from the n-th classical
field and stitch it back together with the fluctuation to form a complete free field on M . As
for the singly excited state, the assumption ensures that we don’t have to consider correlation
functions of the classical fields, which adds a difficult layer of complexity to calculations.
While assumption (82) might seem rather restrictive for general geometries, we will see that
it is satisfied by almost all modes on the halved-sphere and by all modes on the rectangle.
Apart from the stronger assumption on the classical fields, there is no difference in the
method from the singly excited case and the details go through in an analogous way. With
these considerations and some rearranging of the terms we can rewrite (79) as
Tr
 n∏
i=1
ρA,i
 = 1
ZnM
W (n)
∑
K1
∑
K′1
· · ·
∑
Kν
∑
K′ν
[
n−1∏
i=1
∫
AD
DϕA,i
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr,i
)(
mr
k′r,i−1
)
Hmr−kr,i
(
ϕλrA,i
)
Hk′r,i−1
(
ϕλrA,i
) e−S[ϕA,i]

n−1∏
i=1
∫
BD
DϕB,i
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr,i
)(
mr
k′r,i
)
Hkr,i
(
ϕλrB,i
)
Hmr−k′r,i
(
ϕλrB,i
) e−S[ϕB,i]

∫
Dφ¯n
 ν∏
r=1
1
2
3mr
2 mr!
√(
mr
k′r,n
)(
mr
k′r,n−1
)
Hmr
(
1√
2
φ¯n
λr
)
Hk′r,n
(
φ¯λrA,n
)
Hmr−k′r,n−1
(
φ¯λrB,n
) e−S[φ¯]]
(83)
where
∑
Kr
≡ ∑mrkr,1=0 · · ·∑mrkr,n−1=0 and ∑K′r ≡ ∑mrk′r,1=0 · · ·∑mrk′r,n=0. Note that for the first
n − 1 replicas there are always two Hermite polynomials for each replica at each side A and
B which result from splitting the two Hermite polynomials in (79). For the n-th replica we
only split one of the Hermite polynomials in (79), thus we see only three in the resulting
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expression: the unsplit Hermite polynomial of a full field, and the two factors of the one we
split. Although at first glance the resulting situation seems quite desperate, there are a couple
of simplifications we can make. First of all, we note that all the replica indices for the fields
are now dummy indices, and that the path integral expressions are just correlation functions.
For example the path integral over A is just
∫
AD
DϕA
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr,i
)(
mr
k′r,i−1
)
Hmr−kr,i
(
ϕλrA
)
Hk′r,i−1
(
ϕλrA
) e−S[ϕA]
= ZA
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr,i
)(
mr
k′r,i−1
)〈 ν∏
r=1
Hmr−kr,i
(
ϕλrA
)
Hk′r,i−1
(
ϕλrA
)〉
AD
, (84)
and similarly for the path integrals over B and M . We further note that the quantity above
is labelled by the 2ν indices kr,i and k
′
r,i−1 with the replica index constant. Hence, we package
them into rank 2ν tensors by defining
Ak′1,...,k′νk1,...,kν :=
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr
)(
mr
k′r
)〈 ν∏
r=1
Hmr−kr
(
ϕλrA
)
Hk′r
(
ϕλrA
)〉
AD
(85)
Bk′1,...,k′νk1,...,kν :=
 ν∏
r=1
1
2mr
√
1
mr!
(
mr
kr
)(
mr
k′r
)〈 ν∏
r=1
Hmr−kr
(
ϕλrB
)
Hk′r
(
ϕλrB
)〉
BD
(86)
Mk′1,...,k′νk1,...,kν :=
 ν∏
r=1
1
2
3mr
2 mr!
√(
mr
kr
)(
mr
k′r
)〈 ν∏
r=1
Hmr
(
1√
2
φ¯λr
)
Hk′r
(
φ¯λrA
)
Hmr−kr
(
φ¯λrB
)〉
M
(87)
where the kr and k
′
r indices run from 0 to mr. Using the Einstein summation convention we
can define multiplication and a trace operation for these tensors in the standard way
(AB)k′1,...,k′νk1,...,kν := A
k′1,...,k
′
ν
j1,...,jν
Bj1,...,jνk1,...,kν , (88)
TrA := Ak1,...,kνk1,...,kν . (89)
These definitions take care of the index structure of (90), which can then be simply written
as
Tr(ρnA) =
(
ZAZB
ZM
)n−1
W (n) Tr
[
(AB)n−1M
]
= Tr
(
ρnGS,A
)
Tr
[
(AB)n−1M
]
.
(90)
In order to find an analytic continuation in n for this expression, we first note that the tensors
above can all be written as square matrices Aij with i, j = 1, . . . ,
∏ν
r=1(mr + 1) such that
matrix multiplication and the standard trace correspond to the operations on the tensors
defined in (88)8. As a matrix, the tensor AB is invertible which provides a sufficient condition
8This is satisfied if we, for example, define Aij by the map
Ak′1,...,k′νk1,...,kν 7→ A
k′1+
∑ν
r=2(mr−1+1+k
′
r)
k1+
∑ν
r=2(mr−1+1+kr)
(91)
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for the existence of its matrix logarithm. Later, we will see that at least in the special case
where all the excitations are on the same mode, the matrix AB is in fact diagonal and with
real eigenvalues, making the matrix logarithm unique and well-defined. For now, we are
satisfied knowing it exists as it provides us with the desired analytic continuation. We can
next differentiate and take the limit n→ 1 to find
Smλ1 ,...,mλν [A] = SGS [A] Tr(M) + Tr
(
log(AB)M). (92)
It is not hard to check that this agrees with the entanglement entropy of the singly excited
state (55). The trace ofM in the first term, is easy to evaluate using the identity of Hermite
polynomials (81) and gives
Tr(M) ≡Mk1,...,kνk1,...,kν =
 ν∏
r=1
1
2mrmr!
〈 ν∏
r=1
Hmr
(
1√
2
φ¯λr
)
Hmr
(
1√
2
φ¯λr
)〉
M
. (93)
As was the case for the singly excited state, the coefficient of the ground state entanglement en-
tropy encodes information about correlation functions on the complete manifold. The second
term, also as before, includes information about the correlation functions in the submanifolds
as well as correlation functions that communicate between them. Using our expression for
TrρnA (90) it is also straight forward to write down an explicit form for the Re´nyi entropies
S(n)mλ1 ,...,mλν
[A] = S
(n)
GS [A] +
1
1− n log
(
Tr
[
(AB)n−1M
])
, (94)
where we observe, as for the singly excited state, that the ground state Re´nyi entropy factors
from the excited state. While it is quite nice that an analytic expression can be written
down for the entropy of an arbitrarily excited state, its form is quite involved. In the next
section we will consider an interesting subcase, and see how the result behaves in some specific
geometries.
4.1 An interesting subcase: only one mode is excited
The density matrix corresponding to the state with m excitations in the λ-mode is follows
directly from (16) with ν = 1
ρ =
∣∣(mλ)〉 〈(mλ)∣∣ (95)
=
1
ZM
1
2mλmλ!
∫
DφDφ′ Hmλ
(
φλ√
2
)
Hmλ
(
φ′λ√
2
)
e−
1
2
S[φ]− 1
2
S[φ′]|φi〉〈φ′i| (96)
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The replica calculation goes through as described in the previous section, leading to tensors
(85) that are square (m+ 1)-dimensional matrices with elements
Ak′k =
1
2m
√
1
m!
(
m
k
)(
m
k′
)〈
Hm−k
(
ϕλA
)
Hk′
(
ϕλA
)〉
A
, (97)
Bk′k =
1
2m
√
1
m!
(
m
k
)(
m
k′
)〈
Hm−k
(
ϕλB
)
Hk′
(
ϕλB
)〉
B
, (98)
Mk′k =
1
2
3m
2 m!
√(
m
k
)(
m
k′
)〈
Hm
(
1√
2
φ¯λ
)
Hk
(
φ¯λA
)
Hm−k′
(
φ¯λB
)〉
M
. (99)
The correlation functions in the tensors are straight-forward to calculate. In appendix E
we use the definition of Hermite polynomials and the linearity of the correlation functions to
express the matrix elements above as sums of simple correlation functions of transformed fields.
These can then be evaluated by Wick’s theorem and simplified by considering that the Green’s
functions appearing in the expansion are all integrated against the same eigenfunctions of the
Laplacian, turning the space variables into dummy integration variables. Thus, all Green’s
functions in Wick’s expansion that are integrated over the same domain, are the same. For
example, we have 〈
(ϕλX)
β
〉
X
= δβ,even(# of full Wick contractions)(G
λ
X)
β
2
= δβ,even(β − 1)!!(GλX)
β
2 , (100)
which together with (18) is used to express the tensors A and B as polynomials in GλA and
GλB. Explicitly, we have
Ak′k = Fmk,k′
(
GλA
)
, Bk′k = Fmk,k′
(
GλB
)
, (101)
where F is a polynomial given in equation (178) of appendix E. We note that Fmk,k′ ∝
δm−k+k′,even. The evaluation of the correlation functions in M is combinatorically more in-
volved, as three different projections of the field appear in it. This means that there are three
distinct transformed Green’s functions appearing in Wick’s expansion. We find it convenient
to work with the following partial projections
GλX,Y := λ
∫
X
d2x
∫
Y
d2x′Lλ(x)Lλ(x′)GM (x, x′), (102)
where X,Y = A,B. Since GλA,B = G
λ
B,A these are three distinct objects. By definition, they
are related to the transformed Green’s functions we dealt with before, see (50), by
GλX,M = G
λ
A,B +G
λ
X,X , X = A,B (103)
GλM = G
λ
A,A + 2G
λ
A,B +G
λ
B,B. (104)
As for A and B, the correlation functions in M can be expressed as polynomials in the three
transformed Green’s functions by linearity of the correlation functions, identities of Hermite
polynomials, and some combinatorics. The result is
Mk′k = Tmk,k′
(
GλA,B, G
λ
A,A, G
λ
B,B
)
, (105)
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where T is a polynomial in three variables defined in equation (184) of appendix E. Note that
for a fixed surgery and eigenmode GλA,B, G
λ
A,A, and G
λ
B,B are just real numbers. Furthermore,
we note that Tmk,k′ ∝ δk+k′,even.
In the following sections we will apply this to the same geometries we studied when con-
sidering singly excited states in section 3. We will concentrate on the modes that are simul-
taneously eigenmodes on the manifold and submanifolds, and observe the effect that adding
excitations to them has on the entanglement entropy.
4.2 Spherical geometry
Let us start by considering again the geometry of section 3.2, that is the sphere M cut at the
equator into the hemispheres A and B. The first thing we need to do, is identify the modes
for which the assumption (82), that is (φ¯clAi)
λ = (φ¯clB,i)
λ = 0 for i = 1, . . . , n − 1, is satisfied.
As the classical field is constant, the condition is satisfied iff∫
A
d2x Y m` (x) =
∫
B
d2x Y m` (x) = 0, (106)
where Y m` is a spherical harmonic. The spherical harmonics are proportional to e
imϕ, and ϕ is
integrated from 0 to 2pi, so the condition is automatically satisfied for all spherical harmonics
with m 6= 0. It isn’t hard to see that, by the properties of Legendre polynomials, the remaining
integrals vanish iff ` is even. Thus our results from section 4 are valid for all eigenmodes of
the Laplacian on the sphere except those with m = 0 and ` odd.
During our analysis of the singly excited state, we observed that the transformed propaga-
tors, and thus the entanglement entropy, where highly dependent on whether the eigenmode
on the complete manifold was also a eigenmode on the submanifold. In particular, all modes
that were simultaneous eigenmodes on the manifold and submanifold had the same entangle-
ment entropy. On the halved-sphere geometry these modes are characterized by having `+m
odd, and, as before, all of them have the same entanglement entropy. The calculations of the
relevant transformed propagators are found in appendix B.1, they are given by
`+m = odd and m 6= 0 =⇒

GλA = G
λ
B =
1
2
GλA,A = G
λ
B,B = 1/4 + σλ
GλA,B = 1/4− σλ
(107)
where we exclude the modes with m = 0 to fulfill the assumption on the classical fields, and
σλ is defined in (133). We will see that the entanglement entropy is independent of σλ, so its
exact value is irrelevant for our purposes. As we discussed for the singly excited state, the
above expressions are also approximately valid for high angular momentum modes, that is
modes in the limit ` 1. We can thus use the polynomial expressions (101) and (105) of the
tensors appearing in the entanglement entropy for the state with mλ excitations in one of the
allowed modes by
Ak′k = Bk
′
k = F
m
k,k′
(
1
2
)
, Mk′k = Tmk,k′
(
1
4
− σλ, 1
4
+ σλ,
1
4
+ σλ
)
, (108)
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with k, k′ = 0, . . . ,mλ. One can check, that for these values the product matrix AB is diagonal
and has the following simple form in terms of binomial coefficients
AB = 1
2m
diag
[(
m
0
)
, . . . ,
(
m
k
)
, . . . ,
(
m
m
)]
. (109)
The matrix M has lower triangular form and shares the same diagonal elements as AB, such
that Tr(M) = 1. In particular, this shows that σλ does not affect the entanglement entropy.
Using the ground state entanglement entropy for this configuration, see (57), as well as our
general result for the excited state entanglement entropy (92), we can write the entanglement
entropy for mλ quanta of energy in an eigenmode with ` + m odd and m 6= 0 in the halved-
sphere geometry as
Smλ [H
2] = SGS [H
2] Tr(M) + Tr(log(AB)M)
= log
(√
8pigR
)
− 1
2
+
m∑
k=0
1
2m
(
m
k
)
log
(
1
2m
(
m
k
))
. (110)
The equation above is also valid as an approximation for all modes with ` + m even in the
limit of high angular momentum `  1. In figure 4 the value of the entanglement entropy
is shown for different excitation levels. As can be seen in the right image of the figure, a
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Figure 4: In the first image Smλ is plotted as a function of the number of excitations mλ for
any mode satisfying `+m =odd and m 6= 0. We evaluate it at the RK-point g = 18pi and for
R = 1. The second image is a log-linear plot of the same data, the dashed line represents the
linear fit y = 1.008x+ 2.421 with an R2 value above 0.999.
logarithmic behavior in m dominates. We can thus provide the following approximation for
the entanglement entropy
Smλ [H
2] ≈ SGS [H2]− a1 logmλ − a2 (111)
with a1 ≈ 0.504 and a2 ≈ 0.711. In particular, we learn that for highly excited states, that is
for mλ  1, the entanglement entropy for this type of modes develops a logarithmic divergence
in mλ.
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4.3 Rectangular geometry
Let us turn again to the rectangular geometry of section 3.3, with M a rectangle of side
lengths Lx and Ly cut at `x into the two smaller rectangles A and B. As was the case for the
single excitation, the vanishing of the classical part of the field ensures that our assumption
(82) is trivially satisfied for all modes.
The transformed propagators needed to write down the explicit expression for the entangle-
ment entropy for a general surgery are calculated in appendix B.2. As far as we know, there
are no simple closed forms to be written down in this case, as both the transform Green’s
function and the entanglement entropy have an intricate functional dependence on the surgery
parameter `x. We thus refrain from repeating what general formulas we have stated up to
now, and concentrate on a specific surgery.
Let us choose the halved rectangle geometry, that is `x = Lx/2. Here, for kx even, the eigen-
modes on the complete rectangle are also eigenmodes on A and B, and from the expressions
for the propagators given in B.2, we get
kx even =⇒

GλA = G
λ
B =
1
2
GλA,A = G
λ
B,B = 1/4 + σλ
GλA,B = 1/4− σλ.
(112)
From our discussion about the single excitation, we know the above equations to be approxi-
mately true for all modes with high wave number perpendicular to the entanglement cut, that
is kx  1. From the point of view of the tensors, the situation here is exactly the same as on
the halved sphere9, and the entanglement entropy only differs in the contribution from the
ground state entanglement entropy which is now given by (70). Thus, for even kx the excited
state entanglement entropy with mλ quanta of energy in the mode labeled by kx and ky is
given by
Smλ [H
2] =
1
2
log
 η
(
i
2
Lx
Ly
)2
√
2Lyη
(
iLxLy
)
+ m∑
k=0
1
2m
(
m
k
)
log
(
1
2m
(
m
k
))
. (113)
We note that we don’t expect the contribution from the excited state to the entanglement
entropy to be independent on the geometry in general. Here, this is a feature of the type
of modes that we chose and also of the surgery. We do, however, expect the excited states
corresponding to eigenmodes that are simultaneously eigenmodes on the full and halved sub-
manifold to have an entanglement entropy of the above form for any similar “halved” geometry
(for example halved cylinders or tori). In figure 5 we show the dependence of Smλ on mλ.
As expected, we see the same type of logarithmic behavior as for the sphere. In particular,
equation (111) is also valid here for all modes with kx even or kx  1, and replacing the
ground state entanglement entropy corresponding to the sphere by that corresponding to the
rectangle.
9Note that the value of σλ on the rectangle a priori differs from that on the sphere. This is however not
relevant, as σλ doesn’t contribute to the entanglement entropy.
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Figure 5: In the first image Smλ is plotted as a function of the number of excitations mλ for any
mode satisfying kx even in the halved rectangle geometry with Lx = Ly. The second image is
a log-linear plot of the same data. The dashed line represents the linear fit y = 2.306x+4.252
with an R2 value above 0.999.
5 Discussion
We calculated the entanglement entropy of the states of the QLM obtained by exciting the
eigenmodes of the Laplace-Beltrami on a compact spatial manifold. These are natural states
for the model, as the ground state is given in terms of a conformal action determined by
that same operator. Assuming that certain integrals of the classical fields vanish, see (37)
and (82), which can be interpreted as its partial projections onto the excited eigenmodes, we
show that the replica calculation becomes tractable for even the most general excited state.
This allows us to provide the elusive analytic continuations needed to find the entanglement
entropy, which we do separately for the singly excited state – where the assumption on the
classical fields is a little less stringent – and for the general case.
We find that the ground state Re´nyi entropy factors from the excited state Re´nyi entropy
in agreement with [47], and further confirm that these can be written down in terms of the
EPA’s from [47], although we write them slightly differently and refer to them as transformed
propagators. We further find that, though the leading terms in the Re´nyi entropies of the
singly excited states agree to those in [47], the other terms do not. We believe the differences
to origin in the derivation of the generalized Wick’s theorem by [47], although at the time
of writing we have been unable to locate their root. In the general case, we find that the
entanglement entropy is again written in terms of transformed propagators, though here they
are packaged inside complicated tensors. We calculate the transformed propagators by spectral
methods and provide explicit formulae in both the spherical and rectangular geometry. In
the latter our results are in agreement with the expressions found in [47] which adds to the
evidence given by [47] for the universality of the objects.
An interesting observation about these transformed propagators is that they distinguish
between two classes of modes. The first class are modes that are, up to normalization, simul-
taneously eigenmodes on the full manifold and the submanifold. In the spherical geometry,
for example, this condition is satisfied by the spherical harmonics with ` + m odd, which
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are both eigenfunctions of the Laplacian on the sphere and on the hemisphere with Dirichlet
boundary conditions. The transformed propagators are the same for all of these modes. In
particular, this implies that the entanglement entropy is constant within this class of modes.
The second class of modes are those, for which the above condition is not satisfied. There we
find a non-trivial dependence of the transformed propagators on the chosen mode, and thus
also a dependence of the entanglement entropy on the modes. Looking back at equation (92),
we see that the excited state entanglement entropy is related to the ground state entanglement
entropy by two universal constants. Notably, this implies that the excited state entanglement
entropy still obeys an area law. Keeping in mind that the two universal constants are de-
rived from correlation functions on the different subsystems, our findings are similar to those
in [20–23,46], where excited states are constructed that obey area laws with corrections with
respect to the ground state entanglement determined by certain correlation functions of the
underlying theories. For the halved sphere and rectangle we observe that when m quanta of
energy are put into one mode, the entanglement entropy behaves logarithmically in m, that
is Sm ∼ logm. For a highly excited state, we thus observe a logarithmic divergence in the
excitation number, instead of the extensive behavior one would generically expect.
Our results and calculation can be applied to any bipartite compact geometry on which the
spectrum of the Laplace-Beltrami operator on both the full manifold and the submanifolds
is known. A generalization to higher dimensional geometries as in [37] and any even critical
exponent z should also be relatively straight forward. The key element here being the replace-
ment of the Laplace-Beltrami operator by the higher dimensional conformal generalization of
one of its powers (for example a GJMS operator in the spherical case), whose eigenmodes
would be excited. Up to some subtleties that are treated in [37], we expect our replica cal-
culation to hold up also in these cases. While not as straight forward, a generalization to
non-compact geometries would also be desirable. Even in that case, we would still expect
our results to hold up for any excited state that can be written in the form (16). We would
further like to find ways to relax our assumptions on the classical fields. As was already noted
in [47] the combinatorics of the problem become prohibitively difficult in the most general
case. However a slight relaxation of our assumptions – such as demanding the assumption
(37) for all excited states instead of only the singly excited ones – should be possible at least
in some situations. Finally, a deeper exploration of the highly excited states of the model is
desireable. In particular, we would like to better understand whether the area law behavior
that we observe in the highly excited state with all excitations in one mode is in fact connected
to a quantum scar, and, if this is the case, if this is a property of only that type of states.
This also indicates that an analysis of the eigenstate thermalization hypothesis in the QLM
might provide interesting results.
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A Rewriting Tr ρnA
In this appendix we perform the path integral manipulations needed to get from (43) to (46).
We start with the following factor that appears in (43)
I :=
∫
B′
[∏n
i=1
DϕA,iDϕB,i
]
Dφ¯cln× n∏
i=1
(ϕλA,i + ϕ
λ
B,i)(ϕ
λ
A,i+1 + ϕ
λ
B,i)
 e−S[φ¯cln ]−∑ni=1(S[ϕA,i]+S[ϕB,i]). (114)
Let us take a closer look at the product of fields in the path integral. Keeping in mind
the calculations of [37, 44], we want to separate the n-th field from the rest, and find out
which terms survive the integration. Remembering that our assumption (37) implies φλn =
ϕλA,n + ϕ
λ
B,n the product can be written asn−1∏
i=1
(ϕλA,i + ϕ
λ
B,i)(ϕ
λ
A,i+1 + ϕ
λ
B,i)
 (ϕλA,1 + ϕλB,n)φλn
=
n−1∏
i=1
(ϕλA,i)
2ϕλA,nφ
λ
n
+
n−1∏
i=1
(ϕλB,i)
2ϕλB,nφ
λ
n

+ (at least one field appears alone). (115)
When we perform the path integrals only the leading terms survive, since the other terms will
contain something proportional to at least one one-point function of the fluctuations or the
full field, which vanish. We can also glue the integration of the n-th field back together by∫
B′
Dφ¯clnDϕA,nDϕB,n (· · · ) =
∫
Dφ¯n (· · · ), (116)
to form an integral over a free field on the complete manifold (see [38,43,44]). This then leads
us to
I =
n−1∏
i=1
∫
AD
DϕA,i (ϕλA,i)2e−S[ϕA,i]
∫ Dφ¯n φ¯λnφ¯λA,ne−S[φ¯n]+
+
n−1∏
i=1
∫
BD
DϕB,i (ϕλB,i)2e−S[ϕB,i]
∫ Dφ¯n φ¯λnφ¯λB,ne−S[φ¯n], (117)
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where AD and BD remind us that those path integrals are taken over A and B respectively
and with Dirichlet boundary conditions, and where we also used the fact that∫
Dφ¯n φ¯λnφ¯λA,ne−S[φ¯n]
=
∫
DϕA,nDϕB,nDφ¯cln
[
(φclA,n)
λ + ϕλA,n
] [
ϕλA,n + ϕ
λ
B,n
]
e−S[φ¯
cl
n ]−S[ϕA,n]−S[ϕB,n]
=
∫
Dφ¯n φ¯λnϕλA,ne−S[φ¯n]+∫
DϕA,nDϕB,nDφ¯cln (φclA,n)λ
[
ϕλA,n + ϕ
λ
B,n
]
e−S[φ¯
cl
n ]−S[ϕA,n]−S[ϕB,n]︸ ︷︷ ︸
=0
=
∫
Dφ¯n φ¯λnϕλA,ne−S[φ¯n]. (118)
In the second to last line the term vanishes because it is proportional to a one-point function
of the fluctuations on either A or B. If we furthermore notice that all the fields in the path
integrals are dummy fields that are integrated over, we can get rid of the replica indices and
write
I =
(∫
AD
DϕA (ϕλA)2e−S[ϕA]
)n−1 ∫
Dφ¯ φ¯λφ¯λAe−S[φ¯]+
+
(∫
BD
DϕB (ϕλB)2e−S[ϕB ]
)n−1 ∫
Dφ¯ φ¯λφ¯λBe−S[φ¯], (119)
which is precisely the factor that appears in (46).
B Transformed Green’s functions
We calculate the transformed Green’s functions GλX,M and G
λ
X by means of their eigenvalue
expansions as well as the orthogonality and completeness of the eigenmodes of the Laplacian.
We denote the eigenmodes of the Laplacian on M by Lλ(x), and on X = A,B as L
X
α (x),
where we always take Dirichlet boundary conditions. In order to avoid confusion, we index
eigenmodes and eigenvalues on M by λ and µ, and eigenmodes and eigenvalues on A and B
by α and β. The Green’s function GM (x, x
′) has an eigenvalue expansion of the form
GM (x, x
′) =
∑
λ
Lλ(x)Lλ(x
′)
λ
, (120)
where the sum runs over the complete set of eigenmodes of the Laplacian on M , and similarly
we have the eigenvalue expansion on X = A,B
GX(x, x
′) =
∑
α
LXα (x)L
X
α (x
′)
α
, (121)
where the sum now runs over the complete set of eigenmodes of the Laplacian on either A or
B. Let us take a look at the different transformed Green’s functions in (50). The integral in
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GλM is easily evaluated by the orthonormality of the eigenfunctions leading to
GλM = λ
∑
µ
1
µ
(∫
M
d2x Lλ(x)Lµ(x)
)2
= λ
∑
µ
δλµ
µ
= 1. (122)
We can proceed with GλX,M in a similar fashion and write
GλX,M = λ
∫
M
d2x
∫
X
d2x′Lλ(x)Lλ(x′)GM (x, x′)
= λ
∫
M
d2x
∫
X
d2x′Lλ(x)Lλ(x′)
∑
µ
Lµ(x)Lµ(x
′)
µ
= λ
∫
X
d2x′Lλ(x′)
∑
µ
Lµ(x
′)
µ
∫
M
d2xLλ(x)Lµ(x)
= λ
∫
X
d2x′Lλ(x′)
∑
µ
Lµ(x
′)
µ
δλµ
=
∫
X
d2x′(Lλ(x′))2. (123)
Using the expansion (121) we can rewrite GλX as
GλX = λ
∫
X
d2x d2x′Lλ(x)Lλ(x′)GX(x, x′)
= λ
∫
X
d2x d2x′Lλ(x)Lλ(x′)
∑
β
LXβ (x)L
X
β (x
′)
β
= λ
∑
β
1
β
(∫
X
d2x Lλ(x)L
X
β (x)
)2
. (124)
Let us take a look at the specific situation, where the eigenmodes α on the submanifold
are simultaneously eigenmodes on the full manifold (i.e. ∃λ s.t. α = λ). In other words,
this is the case where some of the eigenmodes on M coincide, up to normalization, with
the eigenmodes on A and B. Here, we have a notion of orthogonality between Lλ(x) and
LXα (x). In particular we can write c
X
α L
X
α (x) = Lα(x), where c
X
α accounts for the different
normalization of the eigenmodes. For this type of mode we can, for example, evaluate the
following integral exactly ∫
X
d2x Lα(x)Lβ(x) = δαβ
(
cXα
)2
, (125)
allowing us to evaluate (123)
GαX,M = (c
X
α )
2. (126)
We can also continue the calculation in (124) and write
GαX = α
∑
β
(cXβ )
2
β
(∫
X
d2x LXα (x)L
X
β (x)
)2
= (cXα )
2, (127)
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Finally, we can rewrite GλA,B using the same techniques
GαA,B = α
∫
A
d2x
∫
B
d2x′Lα(x)Lα(x′)GM (x, x′)
= α
∫
A
d2x
∫
B
d2x′Lα(x)Lα(x′)
∑
µ
Lµ(x)Lµ(x
′)
µ
= α
∑
µ
1
µ
(∫
A
d2x Lα(x)Lµ(x)
)(∫
B
d2x Lα(x)Lµ(x)
)
=
(
cAα
)2 (
cBα
)2
+ σA,Bα , (128)
where σA,Bα is defined as
σA,Bα := α
∑
µ∈S
1
µ
(∫
A
d2x Lα(x)Lµ(x)
)(∫
B
d2x Lα(x)Lµ(x)
)
. (129)
Here, S is the set of eigenmodes on M that are not eigenmodes on A and B. Similarly for
X = A,B
GαX,X =
(
cXα
)4
+ σX,Xα (130)
with
σX,Xα := α
∑
µ∈S
1
µ
(∫
X
d2x Lα(x)Lµ(x)
)2
. (131)
Note that ∫
A
d2x Lα(x)Lµ(x) =
∫
M
d2x Lα(x)Lµ(x)−
∫
B
d2x Lα(x)Lµ(x)
= −
∫
B
d2x Lα(x)Lµ(x), (132)
where in the second line we used the fact that the integral over M is proportional to δαµ, but
µ 6= α since we are only summing over modes µ that are not eigenmodes on A and B. In
particular, we can define
σα := σ
A,A
α = σ
B,B
α = −σA,Bα . (133)
Next we discuss the calculation of the transformed Green’s functions for specific geometries.
B.1 Spheres and hemispheres
Let us consider the situation when a sphere M = S2 is cut into the northern hemisphere
A = H2N and the southern hemisphere B = H
2
S along the equator. The relevant eigenfunctions
are then LS
2
`,m(x) = Y
m
l (x) on the sphere and L
H2
`,m(x) =
√
2Y m` (x) with m + ` odd on the
hemispheres with Dirichlet boundary conditions. Thus the eigenmodes on the hemisphere are
also eigenmodes of the sphere, and in our notation λ = (`,m) and α = (`,m) with `+m odd.
We note that in this case cH
2
α =
1√
2
. Using equations (122), (126), (127), (128), (130), and
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(133) we find
`+m = odd =⇒

GαM = 1
GαA,M = G
α
B,M = G
α
A = G
α
B =
1
2
GαA,A = G
α
B,B = 1/4 + σα
GαA,B = 1/4− σα
(134)
Let us take a look at the other modes, that is those with `+m even. We remind the reader
that the spherical harmonics transform as Y ml (pi − θ, φ) = (−1)l+mY ml (θ, φ) under reflection
over the equatorial plane. In particular this implies that∫
A
d2x (Lλ(x))
2 =
∫
B
d2x (Lλ(x))
2 =
1
2
∫
M
d2x (Lλ(x))
2 =
1
2
(135)
and thus from equation (123) we see that GλA,M = G
λ
B,M =
1
2 is actually true for all modes.
Furthermore it isn’t hard to see from the reflection properties and normalization that and
that GλX,X = G
λ
X/2 and G
λ
A,B = −GλX/2. Thus finding GλX provides us with the remaining
propagators. The transformed propagators GλX are given by
GλX = λ
∑
α
1
α
(∫
X
d2x Lλ(x)L
X
α (x)
)2
= 2 `λ(`λ + 1)
∑
`µ,mµ
`µ+mµ=odd
1
`µ(`µ + 1)
(∫
X
d2x Y mλ`λ (x)
(
Y
mµ
`µ
(x)
)∗)2
, (136)
where `λ +mλ =even. Using the definition of the spherical harmonics
Y m` (θ, φ) = N(`,m)e
imφPm` (cos(θ)), (137)
where N is the normalization
N(`,m) =
√
2`+ 1
4pi
(`−m)!
(`+m)!
, (138)
and Pm` (x) are associated Legendre polynomials, we can evaluate part of the integral and
write∫
A
d2x Y mλ`λ (x)
(
Y
mµ
`µ
(x)
)∗
= −
∫
B
d2x Y mλ`λ (x)
(
Y
mµ
`µ
(x)
)∗
=
2piδmλ,mµN(`λ,mλ)N(`µ,mλ)
∫ 1
0
dx Pmλ`λ (x)P
mλ
`µ
(x). (139)
Unfortunately, to our best knowledge, there is no simple closed form for the integral over the
associated Legendre polynomials. We can however write the transformed propagator as
GλA = G
λ
B =
1
2
Σλ, (140)
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with
Σλ =
Σeλ, `λ +mλ = even1, `λ +mλ = odd, (141)
and where for `λ +mλ = even we defined
Σeλ ≡ Σe`λ,mλ := (2`λ + 1)`λ(`λ + 1)×
(`λ −mλ)!
(`λ +mλ)!
∞∑
`µ≥mλ
`µ+mλ=odd
(2`µ + 1)
`µ(`µ + 1)
(`µ −mλ)!
(`µ +mλ)!
(∫ 1
0
dx Pmλ`λ (x)P
mλ
`µ
(x)
)2
. (142)
Note that we used the fact that Pmλ`µ = 0 for `µ < mλ to alter the starting point of the sum.
We also note that the conditions that mλ + `µ be odd is equivalent to demanding that `µ
be odd whenever `λ is even and vice-versa. We further note that Σ
e
`,−m = Σ
e
`,m, due to the
transformation behavior of associated Legendre polynomials when m 7→ −m:
P−m` (x) = (−1)m
(`−m)!
(`+m)!
Pm` (x). (143)
The value of Σλ can be determined numerically from this expression by truncating the sum
at some sufficiently large value and performing a numerical integration at each step. We note
that the sum converges for all desired values.
B.2 Rectangles
We now consider the case described in 3.3, that is M = [0, Lx]× [0, Ly], A = [0, `x]× [0, Ly],
and B = [`x, Lx]× [0, Ly]. As before, GλM = 1. We start with GλX,M
GλX,M =
∫
X
d2x′(Lλ(x′))2. (144)
Using (67) for the eigenmodes, the integral can be easily evaluated and gives
GλA,M =
`x
Lx
− 1
2pikx
sin
(
2pikx
`x
Lx
)
, (145)
GλB,M =
(
1− `x
Lx
)
+
1
2pikx
sin
(
2pikx
`x
Lx
)
. (146)
Now we can tackle GλX . We take, as before, Lλ to be eigenfunctions on M and L
X
α eigenfunc-
tions on X = A,B, and start by considering GλA. In order to calculate
GλA = λ
∑
α
1
α
(∫
A
d2x Lλ(x)L
A
α (x)
)2
, (147)
we first need to evaluate the integral. Due to the surgery we perform on M the eigenmodes
on M and A have the same y dependence. In particular, this means that the y integral only
34
contributes a δ-function and we can write∫
A
d2x Lλ(x)L
A
α (x) ≡
∫
A
d2x Lkx,ky(x)L
A
nx,ny(x)
=
2√
`xLx
δky ,ny
∫ `x
0
dx sin
(
pikx
x
Lx
)
sin
(
pinx
x
`x
)
=
2√
`xLx
(−1)nx sin
(
pikx
`x
Lx
) pi
`x
nx(
pi
`x
nx
)2 − ( piLxkx)2 . (148)
With this integral we can conclude the evaluation of GλA
GλA =
4
`xLx
( pi
Lx
kx
)2
+
(
pi
Ly
ky
)2 sin(pikx `x
Lx
)2
×
∞∑
nx=1
1(
pi
`x
nx
)2
+
(
pi
Ly
ky
)2
(
pi
`x
nx
)2
((
pi
`x
nx
)2 − ( piLxkx)2)2
=
`x
Lx
− 1
2pikx
sin
(
2pikx
`x
Lx
)
− dAλ , (149)
where we defined
dAλ :=
1
Lx
2
(
pi
Ly
ky
)
coth
(
piky
`x
Ly
)
sin
(
pikx
`x
Lx
)2 − ( piLxkx) sin(2pikx `xLx)(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2 . (150)
We can proceed similarly with GλB and get
GλB =
(
1− `x
Lx
)
+
1
2pikx
sin
(
2pikx
`x
Lx
)
− dBλ , (151)
with
dBλ :=
1
Lx
2
(
pi
Ly
ky
)
coth
(
piky
Lx−`x
Ly
)
sin
(
pikx
`x
Lx
)2
+
(
pi
Lx
kx
)
sin
(
2pikx
`x
Lx
)
(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2 . (152)
C EPA’s and transformed Green’s functions on the rectangle
In [47] quantities dubbed Entanglement Propagator Amplitudes (EPA’s) are introduced.
These are closely related to our transformed propagators. In fact, the first two EPA’s are, up
to a different normalization, just GλA and G
λ
B
α = GλA (153)
β = GλB. (154)
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Figure 6: The quantity drect calculated by [47] is compared to our exact results dAλ and d
B
λ
for constant kx = 4 and ky = 2, 4, 10, 100. The approximation used to calculate d
rect is only
valid at large ky, there it agrees with our result.
The remaining EPA can be expressed in terms of our quantities as
γ = GλM −GλA −GλB = 1−GλA −GλB. (155)
As an example these quantities are calculated explicitly on a rectangle with side lengths Lx
and Ly and an entanglement cut at `x, where the the eigenmodes of the Laplacian are labeled
by the positive integers kx and ky and correspond to the Fourier modes on the rectangle.
In [47] the following expression is given for the transformed propagators
GλA =
`x
Lx
− 1
2pikx
sin
(
2pikx
`x
Lx
)
− drect, (156)
GλB =
(
1− `x
Lx
)
− 1
2pikx
sin
(
2pikx
`x
Lx
)
− drect, (157)
where the following approximation10, valid for large ky and Lx = Ly, is given for d
rect
drect ≈ 4
pi3
2piky
∫ 2piky
0
sin t
t dt− piky
∫ piky
0
sin t
t dt− (−1)ky + 1
k2x + k
2
y
sin
(
pikx
`x
Lx
)2
. (158)
In figure 6 we compare this result to our analytic results for dAλ and d
B
λ at Lx = Ly from section
B.2, see equations (150) and (152) in particular. We find the results in good agreement where
the approximation for drect is valid.
10Note that in [47] there is a an extra factor of 2 in equation (72) with respect to their calculation of γ in
appendix C.2 of the paper.
36
D Determinant of the Laplacian on a rectangle
In this section we calculate the zeta regularized determinant of the Laplacian on a rectangle.
The determinant of the Laplacian can be written as
det ∆ = e−ζ
′
S(0), (159)
where ζS is the spectral ζ-function corresponding to the Laplacian. On the rectangle, where
the eigenvalues of the Laplacian are
λkx,ky =
(
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2
, kx, ky ∈ N+, (160)
the spectral ζ-function takes the form
ζS(s) =
∞∑
kx,ky=1
( pi
Lx
kx
)2
+
(
pi
Ly
ky
)2−s . (161)
Our goal is thus to find an analytic continuation of this expression to s = 0 and calculate
the value of its derivative at that point. Let us first recall some identities. The integral
representation of the Γ function can be used to write
`−s =
1
Γ(s)
∫ ∞
0
dt ts−1e−`t. (162)
The Poisson summation formula is given by
∞∑
n=1
e−an
2
= −1
2
+
1
2
√
pi
a
+
√
pi
a
∞∑
n=1
e−
n2pi2
a . (163)
The Riemann ζ-function is defined as
ζ(s) =
∞∑
n=1
1
ns
, (164)
and finally the integral representation of a modified Bessel function is
Kν(z) =
1
2
∫ ∞
0
du e−
z
2(u+
1
u)uν−1. (165)
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We can now use these identities to perform some manipulations on the spectral ζ-function
ζS(s) =
1
Γ(s)
∞∑
kx,ky=1
∫ ∞
0
dt ts−1e
−t
((
pi
Lx
kx
)2
+
(
pi
Ly
ky
)2)
=
1
Γ(s)
∞∑
ky=1
∫ ∞
0
dt ts−1e
−t
(
pi
Ly
ky
)2 ∞∑
kx=1
e
−t
(
pi
Lx
kx
)2
=
1
Γ(s)
∞∑
ky=1
∫ ∞
0
dt ts−1e
−t
(
pi
Ly
ky
)2−1
2
+
Lx
2
√
pi
t−
1
2 +
Lx√
pi
t−
1
2
∞∑
kx=1
e−
k2xL
2
x
t

= −1
2
∞∑
ky=1
(
pi
Ly
ky
)−2s
+
Lx
2
√
pi
Γ(s− 12)
Γ(s)
∞∑
ky=1
(
pi
Ly
ky
)−2s+1
+
2L
s+ 1
2
x
Γ(s)
√
pi
∞∑
kx,ky=1
(
Lykx
piky
)s− 1
2
Ks− 1
2
(
2pi
Lx
Ly
kxky
)
= −1
2
(
Ly
pi
)2s
ζ(2s) +
Lx
2
√
pi
Γ(s− 12)
Γ(s)
(
Ly
pi
)2s−1
ζ(2s− 1)+
2L
s+ 1
2
x
Γ(s)
√
pi
∞∑
kx,ky=1
(
Lykx
piky
)s− 1
2
Ks− 1
2
(
2pi
Lx
Ly
kxky
)
. (166)
The derivative at s = 0 of the first term is straight forward to calculate for the first term
− d
ds
1
2
(
Ly
pi
)2s
ζ(2s)|s=0 = 1
2
log
(
2Ly
)
. (167)
In order to evaluate the derivatives at s = 0 of the remaining two terms we need consider the
following asymptotic behavior of the Γ- function. For ε close to zero
1
Γ(ε)
= ε+ . . . , (168)
d
ds
1
Γ(s)
|s=ε = 1 + . . . . (169)
Since all other parts of the expressions are regular around s = 0, this means that the only
terms that survive are those where the the derivative hits the Γ-function. We can thus write
for the second term in the spectral ζ-function
d
ds
Lx
2
√
pi
Γ(s− 12)
Γ(s)
(
Ly
pi
)2s−1
ζ(2s− 1)
∣∣∣
s=0
=
√
pi
2
Lx
Ly
Γ(−1
2
)ζ(−1) = pi
12
Lx
Ly
(170)
and similarly for the third
d
ds
2L
s+ 1
2
x
Γ(s)
√
pi
∞∑
kx,ky=1
(
Lykx
piky
)s− 1
2
Ks− 1
2
(
2pi
Lx
Ly
kxky
)∣∣∣
s=0
=
2
√
Lx
Ly
∞∑
kx,ky=1
√
ky
kx
K− 1
2
(
2pi
Lx
Ly
kxky
)
. (171)
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Using the explicit form of K− 1
2
we can further simplify this to
2
√
Lx
Ly
∞∑
kx,ky=1
√
ky
kx
K− 1
2
(
2pi
Lx
Ly
kxky
)
=
∞∑
kx,ky=1
1
kx
e
−2piLx
Ly
kxky
= − pi
12
Lx
Ly
− log
η(iLx
Ly
), (172)
where η is the Dedekind η-function. Putting everything together, we see that the derivative
of the spectral ζ-function at zero is
ζ ′S(0) =
1
2
log
(
2Ly
)− log
η(iLx
Ly
) (173)
and the determinant of the Laplacian on the rectangle is
det ∆ =
1√
2Ly
η
(
i
Lx
Ly
)
. (174)
We note that due to the behavior of the Dedekind η-function under modular transformations
the expression above is invariant under the exchange of Lx and Ly.
E Correlation functions
In this appendix we evaluate the correlation functions needed in the calculation of the entan-
glement entropy of the state with m excitations in the λ mode, see section 4.1. As a starting
point, we can easily see that for integer β and by linearity〈
(ϕλX)
β
〉
X
= δβ,even(# of full Wick contractions)(G
λ
X)
β
2
= δβ,even(β − 1)!!(GλX)
β
2 , (175)
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where X = A,B,M and δβ,even := δβ,2n for some integer n. Using the definition of Hermite
polynomials (18) and linearity we can rewrite the following correlation function as
1
2m
√
1
m!
(
m
k
)(
m
k′
)〈
Hm−k(ϕλX)Hk′(ϕ
λ
X)
〉
X
= (m− k)!k′!
√
1
m!
(
m
k
)(
m
k′
)
×
bm−k
2
c∑
`=0
b k′
2
c∑
`′=0
(−1)`+`′2k′−k−2(`+`′)
`!`′!(m− k − 2`)!(k′ − 2`′)!
〈
(ϕλX)
m−k+k′−2(`+`′)
〉
X
= δm−k+k′,even(m− k)!k′!
√
1
m!
(
m
k
)(
m
k′
)
×
bm−k
2
c∑
`=0
b k′
2
c∑
`′=0
(−1)`+`′2k′−k−2(`+`′)(m− k + k′ − 2(`+ `′)− 1)!!
`!`′!(m− k − 2`)!(k′ − 2`′)!
(
GλX
)m−k+k′−2(`+`′)
2
= δm−k+k′,even
bm−k
2
c∑
`=0
b k′
2
c∑
`′=0
fmk,k′(`, `
′)
(
GλX
)m−k+k′−2(`+`′)
2
, (176)
where we included the prefactor that appears in front of the correlation functions that make
up the tensors A and B in (97) and (98), and in the last line we defined
fmk,k′;`,`′ :=
(−1)`+`′
2k−k′+2(`+`′)
√
1
m!
(
m
k
)(
m
k′
)
(m− k)!k′!(m− k + k′ − 2(`+ `′)− 1)!!
`!`′!(m− k − 2`)!(k′ − 2`′)! . (177)
If we define the following polynomial
Fmk,k′(z) := δm−k+k′,even
bm−k
2
c∑
`=0
b k′
2
c∑
`′=0
fmk,k′;`,`′z
m−k+k′−2(`+`′)
2 (178)
then we can simply write
1
2m
√
1
m!
(
m
k
)(
m
k′
)〈
Hm−k(ϕλX)Hk′(ϕ
λ
X)
〉
X
= Fmk,k′(G
λ
X). (179)
Next, we want to evaluate the correlation on M appearing in the tensor M in equation (99).
Reminding ourselves that φ¯λ = φ¯λA + φ¯
λ
B and using the identity of Hermite polynomials (81)
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we can rewrite the correlation function as
1
2
3m
2 m!
√(
m
k
)(
m
k′
)〈
Hm
(
1√
2
φ¯λ
)
Hk
(
φ¯λA
)
Hm−k′
(
φ¯λB
)〉
M
=
1
22mm!
√(
m
k
)(
m
k′
) m∑
n=0
(
m
n
)〈
Hk
(
φ¯λA
)
Hm−n
(
φ¯λA
)
Hn
(
φ¯λB
)
Hm−k′
(
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22m
√(
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k
)(
m
k′
) m∑
n=0
k!(m− k′)!×
b k
2
c∑
r=0
bm−n
2
c∑
r′=0
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2
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`=0
bm−k′
2
c∑
`′=0
(−1)r+r′+`+`′22m+k−k′−2(r+r′+`+`′)
r!r′!`!`′!(k − 2r)!(m− n− 2r′)!(n− 2`)!(m− k′ − 2`′)!×〈(
φ¯λA
)m+k−n−2(r+r′) (
φ¯λB
)m+n−k′−2(`+`′)〉
M
(180)
where we used the definition of Hermite polynomials in the last line. We will take care of
the prefactors later, for now it is enough to see that the expression above is just a sum of
correlation functions of the form 〈AαBβ〉M , where we use the short-hand notation A ≡ φ¯λA and
B ≡ φ¯λB. When we apply Wick’s theorem to this type of correlation function, three distinct
types of transformed two-point functions appear: 〈AB〉M = GλA,B, and 〈X2〉M = GλX,X with
X = A,B. Since we know from before what correlation functions of the form 〈Xα〉M look like,
we can evaluate 〈AαBβ〉M by successively taking mixed contractions creating an expansion
of the form〈
AαBβ
〉
= a0 〈Aα〉
〈
Bβ
〉
+ a1 〈AB〉
〈
Aα−1
〉〈
Bβ−1
〉
+ a2 〈AB〉2
〈
Aα−2
〉〈
Bβ−2
〉
+ . . . ,
(181)
where aρ is a combinatorial factor counting the ways to select ρ pairs AB out of A
αBβ given
by
aρ =
1
ρ!
α!
(α− ρ)!
β!
(β − ρ)! . (182)
As a consistency check it isn’t hard to see that this combinatorial factor leads to the expected
amount of full Wick contractions: (α+ β − 1)!!. Using equation (175) one can then evaluate
the remaining correlation functions and write
〈
AαBβ
〉
=
min(α,β)∑
ρ=0
δα−ρ,evenδβ−ρ,even×
1
ρ!
α!
(α− ρ)!!
β!
(β − ρ)!!
(
GλA,B
)ρ (
GλA,A
)(α−ρ)/2 (
GλB,B
)(β−ρ)/2
, (183)
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where we used the fact that n!/(n− 1)!! = n!!. Let us thus define the following polynomial in
three variables
Tmk,k′(x, y, z) := δk+k′,even
√(
m
k
)(
m
k′
) m∑
n=0
k!(m− k′)!×
b k
2
c∑
r=0
bm−n
2
c∑
r′=0
bn
2
c∑
`=0
bm−k′
2
c∑
`′=0
(−1)r+r′+`+`′2k−k′−2(r+r′+`+`′)
r!r′!`!`′!(k − 2r)!(m− n− 2r′)!(n− 2`)!(m− k′ − 2`′)!×
min(m+k−n−2(r+r′),m+n−k′−2(`+`′))∑
ρ=0
δm+k−n−ρ,even
1
ρ!
(m+ k − n− 2(r + r′))!
(m+ k − n− 2(r + r′)− ρ)!!×
(m+ n− k′ − 2(`+ `′))!
(m+ n− k′ − 2(`+ `′)− ρ)!!x
ρy(m+k−n−2(r+r
′)−ρ)/2z(m+n−k
′−2(`+`′)−ρ)/2 (184)
where we simplified the δ-functions as δm+k−n−ρ,evenδm+n−k′−ρ,even = δm+k−n−ρ,evenδk+k′,even.
In the end, we can write for the correlation function
1
2
3m
2 m!
√(
m
k
)(
m
k′
)〈
Hm
(
1√
2
φ¯λ
)
Hk
(
φ¯λA
)
Hm−k′
(
φ¯λB
)〉
M
= Tmk,k′(G
λ
A,B, G
λ
A,A, G
λ
B,B). (185)
Note that for a fixed surgery and eigenmode GλA,B, G
λ
A,A, and G
λ
B,B are just real numbers.
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